Complex powers of a class of hypoelliptic pseudodifferential operators in R n , as well as their heat kernels are studied. An application to the Shatten-Von Neumann property of pseudodifferential operators is given.
Introduction
Complex powers of pseudodifferential operators have been studied by several authors, starting from the works of Seeley [29] , [31] , [30] , where the ζ-function ζ(z) = Tr A z for boundary value problems was introduced. Generalizations have been then considered, among others, by Kumano-go and Tsutsumi [17] , Kumano-go [16] , Richard Beals [2, 3] , Robert [25] , Helffer [12] . Indeed, the study of poles of the zeta function has important applications to index theory, as showed in the celebrated paper by Atiyah, Bott and Patodi [1] , and Weyl asymptotics, for which we refer to Duistermaat and Guillemin [9] and also to Shubin [32] . Among other applications, we point out that the study of bounded imaginary powers of pseudodifferential operators also gives informations on the maximal regularity for evolution equations, in view of the theorem of Dore and Venni [8] ; see for example Coriasco, Schrohe and Seiler [7] and the references therein.
Recently the attention has been fixed on complex powers of pseudodifferential operators on manifolds with boundary with a given boundary fibration structure; the operators considered are then elliptic in a calculus which is not, in general, temperate (such as, e.g., the b-calculus [22] ). In this context one is interested in the relationships with the geometric properties of the underlying manifold; we refer, for example, to the recent contributions by Schrohe [26, 27] , Loya [19, 20] , Melrose and Nistor [24] , and Lauter and Moroianu [18] . In the last two papers the complex powers are used to define various Wodzicki-type residues as generators of the Hochschild cohomology in dimension 0.
In this paper we consider pseudodifferential operators in R n , whose Weyl symbol belongs to Hörmander's classes S(m, g) associated with a weight function m and a Riemannian metric g, which are temperate and slowly varying; see Hörmander [15] , Chapter XVIII. In this context complex powers have been already considered by Robert [25] for (globally) elliptic symbols diverging at infinity, and consequently with compact resolvent.
Here we treat very general (globally) hypoelliptic operators (see Definition 2.2 below) whose spectrum may have zero as an accumulation point and whose Weyl symbol is allowed to tend both to zero and to infinity in different directions. For example, the reader may think to the operator
with 0 < α < 1,
(where x = 1 + |x| 2 1/2 ) as a model case. This operator can be regarded as a second order operator in the so-called scattering calculus, which corresponds to the choice m = ξ 2 and g x,ξ = x −2 |dx| 2 + ξ −2 |dξ| 2 (see Melrose [23] , and also Schrohe [27] for complex powers of scattering-type operators). However it is not hypoellitpic in that class, in the sense that the derivatives of the symbol weighted according to that metric are not controlled by the symbol itself. Instead, the symbol is hypoelliptic (for 0 < α < 1) as an element of the class S(m, g) for m = ξ Our analysis will be based on the definition of complex powers of a nonnegative operator due to Balakrishnan. As an application we will also study the semigroup generated by a non-negative pseudodifferential operator, that is its heat kernel.
Finally we briefly mention another application of our results to the socalled Schatten-Von Neumann property for pseudodifferential operators (see, e.g., [11] ). More precisely, we obtain the following necessary and sufficient conditions (see also [5] ): 
Hypoelliptic symbols
We work in the context of Weyl-Hörmander calculus: refer to [15] , Chapter XVIII and [14] for further details.
We will employ the following notation. Given two functions f, g : X → R,
An admissible metric is a measurable function g :
into the set of positive definite quadratic forms on R n × R n , which is slowly varying, σ-temperate, and satisfies the uncertainty principle.
A g-weight is a positive measurable function m :
which is g-continuous and (σ, g)-temperate.
A smooth function a :
where |a|
We denote by S(m, g) the class of all symbols of weight m and metric g. S(m, g) is a Frechét space with respect to the seminorms:
We set also
When a ∈ S(m, g), we define the pseudodifferential operator of Weyl symbol a as:
W a is a continuous operator on the Schwartz class S, with a continuous extension to the tempered distributions S .
, where g σ is the dual quadratic form:
with respect to the standard symplectic form
The following theorem is proved in [15] , (Theorem 18.5.4):
for all N ∈ N, where {a, b} 0 = ab, and
The following is a generalization of the definition of hypoelliptic symbol given by Tulovskiǐ and Shubin, see [33] and [32] , §25:
(ii) there exists a g-weight m 0 such that
When m 0 = m we say that the symbol a is g-elliptic.
We denote by HS(m, m 0 ; g) the class of g-hypoelliptic symbols belonging to S(m, g) and satisfying (2.3).
Remark. We do not require a to be slowly varying or temperate. Now we prove a lemma we shall need later on.
We know from [15] , Lemma 18.6.4 that there exists a symplectic linear transformation χ and n positive real numbers λ 1 , . . . , λ n such that
In particular, by sympletic invariance of g σ , we have h(x, ξ) = sup λ i . Now one shows by induction that 
Every pseudodifferential operator W a is closable in L 
Then the minimal and the maximal extension of
Proof. See [5] , Theorem 2.5.
Complex powers
We want to study complex powers of hypoelliptic pseudodifferential operators. So we begin by recalling some results on complex powers of a nonnegative operator. Refer to [21] for proofs and more details. (ii) sup
Re z > 0 and
for k ∈ Z + and z ∈ C \ Z.
Proposition 3.2. Consider a non-negative operator A on a Banach space X.
Given z ∈ C + , and
) we have that the integral
Proof. See [21] , Theorems 3.1.5 and 3.1.8, Corollary 5.1.12 and Section 6.2.
Assume now that A is the closure in L 2 of a non-negative pseudodifferential operator W a . In next Theorem 3.6 we show that under suitable hypotheses W a z is pseudodifferential.
Definition 3.5. We say that an admissible metric g satisfies the strong uncertainty principle, if there exists a positive constant δ such that
where
Theorem 3.6. Consider an admissible metric g satisfying the strong uncertainty principle and a g-hypoelliptic symbol a ∈ HS(m, m 0 ; g) such that 
Then for all z ∈ C + there exists a g-hypoelliptic symbol
(ii) for all z ∈ C + we have
Proof. We shall prove this theorem in Section 5.
Remark. From Theorems 3.4 and 3.6 it follows that a
We are also able to give a simple description of the domain of W a z :
Corollary 3.7. Under the hypotheses of Theorem 3.6, we have that
where W a #z denotes the extension of W a #z to the tempered distributions S .
Proof. Because a #z is hypoelliptic, the result follows from Theorems 3.6 and 2.4.
The symbol of the resolvent
We need several lemmas. The proof of the first lemma is elementary and is left to the reader. 
Then we have
for all (x, ξ) and λ 0. 
Then, for all k ∈ Z + we have
Proof. From (4.2) we have |a 0 + λ| > 0 for all (x, ξ) and λ > 0. Then from estimate (18.4.4) of [15] , for all k ∈ Z + we have 
for all (x, ξ) and λ 0. 6) and
for all (x, ξ) and
Proof. From (4.5) and (4.4), for all k ∈ N we obtain
From Lemma 2.3 and Theorem 2.1 for all N 0 , k ∈ N there exists an integer
, for all (x, ξ) and λ > 0. Then (4.6) follows from (4.4), when we choose
The proof of (4.7) is similar. Then for each λ ∈ R + there exists a g-hypoelliptic symbol
where a 0 is defined in (3.4);
(ii) for all k, N ∈ N we have 
Because a 1 has compact support, for all k ∈ N we have
for all (x, ξ) and λ > 0. Then from Lemma 4.4 we may conclude that for all k ∈ N we have
for all (x, ξ) and λ > 0 (R 0 is defined in (2.1) ). Define r 0,λ = 1 and r j,λ = r 1,λ # · · · #r 1,λ (j-times), when j 1. Then from Lemma 4.4, for all j, k ∈ N we have
14) 15) for all (x, ξ) and λ > 0. Now we want to carry out an asymptotic sum of the symbols r j,λ # (a 0 + λ) −1 . We make use of the following general result which is a simplified vesion of Proposition 1.1.17 of [28] :
Assume that for all j ∈ N and all s ∈ R + there exists a linear operator L j,s : X j → X j which enjoys the following properties:
(i) for all j ∈ N and all c ∈ R + we have
for all y ∈ X j .
(ii) if (p j,k ) k∈N is a sequence of seminors defining the topology of X j , then for all j, k ∈ N there exists (j, k) j, k such that
Then, for every sequence x j ∈ X j there exists a sequence of real numbers
We write x ∼ ∞ j=0 x j to say that (4.16) is satisfied with x ∈ X 0 and x j ∈ X j . It is clear that x is uniquely determined by the sequence (x j ), up to an element in X. Now we go back to the proof of our theorem. For each j ∈ N, let X j be the space of families of smooth functions
Now it is not difficult to see that lim s→∞ p j,k (χ s f λ ) = 0 for all j, k ∈ N and f ∈ X l , with l > j. Therefore, by Lemma 4.6 there exists q λ ∈ X 0 such that ; g). It remains to prove estimates (4.9). We have
which by Lemma 4.4 implies the first one of the estimates (4.9). In order to prove the second one of the estimates (4.9), we observe that starting fromr
we may considerq
for all (x, ξ) and λ > 0.
Thus, from Lemma 4.4, for all k, N ∈ N we have
and therefore
for all (x, ξ) and λ > 0. 
Proof. We begin by observing that from Theorem 4.5 we have the following global hypoellipticity property: for all λ > 0 we have
where W a is the extension of W a to S . Now we show that W a + λI : S → S, and its extension W a + λI : S → S to S are invertibe for all λ > 0.
In fact W a + λI is one-to-one because, by hypothesis, W a + λI is. On the other hand we know that
such that W a + λI u = f . But u ∈ S by hypoellipticity and therefore (W a + λI) u = f , that is W a + λI is onto.
By transposition we have that Wā + λI is ono-to-one and onto. But, because a is g-hypoelliptic alsoā is g-hypoelliptic. It follows easily that Wā+λI is one-to-one and onto and therefore also W a +λI is, by transposition.
Then for all λ > 0 we may consider W a (W a + λI) −1 : S → S, as well as
: S → S . We want to show that this operator is pseudodifferential. We have
For all r, s ∈ R, consider the weighted Sobolev spaces:
Between H From (4.9) and the strong uncertainty principle we obtain easily that for all r, s, p, q ∈ R we have
for all u ∈ S and λ > 0. Let By hypothesis W a + λI is non negative, so we have
It follows that for all r, s, p, q ∈ R we have
for all u ∈ S and λ > 0. These estimates imply that S λ is a pseudodifferential operator with Weyl symbol σ λ satisfying for all α, β ∈ N n and M ∈ N the estimate 
Then the result follows from Theorem 4.5, (4.11), (4.12), (4.24), and Lemmas 4.3 and 4.4. 
Proof. We have
Remark. Because a#ã λ = b λ , for all k ∈ N we have the estimates: 25) for all (x, ξ) and λ > 0.
Proof of Theorem 3.6
In all of this section we asssume that the hypotheses of Theorem 3.6 are satisfied. We set
Lemma 5.1. Given any symbol q ∈ S(p, g), for all (x, ξ) and all k ∈ N, the function
Proof. Becauseã λ is the symbol of the resolvent (W a + λI) −1 , it must satisfy the resolvent identity:ã
from which, thanks to Theorem 4.7, Corollary 4.8 and Theorem 2.1, we obtain the estimate 
is convergent for all integers k > Re z. Moreover, for all integers k > Re z we have
Proof. From (4.25) and lemma 4.4 for all k, l ∈ N we obtain the estimate:
for all (x, ξ) and λ > 0 . This implies (pointwise) integrability. So we have only to prove (5.3).
Becauseã λ is the symbol of the resolvent (W a + λI) −1 , a andã λ commute: a#ã λ =ã λ #a. Therefore, thanks to Lemma 5.1, an integration by parts gives
It follows that
Thanks to Lemma 5.2, for all (x, ξ) ∈ R n × R n and z ∈ C + , we may define
where k is any integer greater than Re z. Now we show that for all l ∈ N and z ∈ C + we have 5) for all (x, ξ) and λ > 0 . On the other side by using the identity (see e.g. [10] , 3.194.3, page 285)
with k ∈ Z + , z ∈ C + and w ∈ C \ 0 such that Re z < k and |arg w| < π, we obtain
So from estimate (5.5) we have
which is (5.4). In order to finish the proof of Theorem 3.6 we have show that
It suffices to prove this identity on S. But when u ∈ S we have
On the other hand,
so we have only to show that 6) for all k > Re z > 0 and all u ∈ S.
We need the following
exists and belongs to S(µ, g) and
for all u ∈ S.
Proof. If we let k = 0 in hypothesis ii), we have that R λ → φ λ (x, ξ) is integrable. By hypothesis i), ψ(x, ξ) is the limit of a sequence of Riemann sums J j=1 φ λ j (x, ξ)∆λ j . By hypothesis ii), these Riemann sums are bounded in the symbol space S(µ, g). It follows that ψ ∈ S(µ, g) and that W ψ u(x) is the limit of the Riemann sums J j=1 W φ λ j u(x)∆λ j , thanks to Theorem 18.6.2 of [15] . Because these Riemann sums converge also to
Turning back to the proof of Theorem 3.6, we remark that
is continuous with respect to λ, so it remains to show that there exists a symbol µ such that the seminorms
are integrable with respect to λ over (0, ∞), for k > Re z and l ∈ N. Now for all k, l ∈ N we have the estimates 
that is, for all k, l ∈ N we have
Re z−1
which is integrable for k > Re z. Moreover the symbol σ t is smooth with respect to t, x and ξ and for all k, N ∈ N and T > 0 satisfies the estimates
where a 0 is given by (3.4)
. From Theorem 3.3 we know that ρ ∈ S(m 1/2 , m 1/2 0 , g). Moreover we can assume that the estimates satisfied by ρ as a g-hypoelliptic symbol hold for every (x, ξ) ∈ R n × R n . Similarly we can suppose that for some constant R > 0, ρ satisfies the estimate
We start by constructing the so-called heat parametrix, namely an operator U (t) = u(t, x, D x ), with a smooth symbol u(t, ·) ∈ S(1, g), satisfying 
(6.5)
For j = 0 we obtain u 0 = e −tρ . For j > 0, we have to solve the equations 
Proof. (See [5] , Proposition 3.1. for details). The operator with symbol a#a is non negative, hence we have
).
). Without loss of generality we may assume that the weight m is a symbol in its own class (see [15] ).
